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Abstract 

Let G be an 1-connected simple Lie group, and let x G G be a group 
element. We determine the isomorphism type of the centralizer C x in 
term of a minimal geodesic joinning the group unit e £ G to x. 

This result is applied to classify the isomorphism types of maximal sub- 
groups of maximal rank of G [4j, and the isomorphism types of parabolic 
subgroups of G. 
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1 Introduction 

Let G be a compact connected semisimple Lie group with a given element x £ G. 
The centralizer C x of x and the adjoint orbit M x through x are the subspaces 
of G 

C x = {geG\gx = xg}, M x = {gxg- 1 eG\geG}, 

respectively. The map G — > G by g —> gxg^ 1 is constant along the left cosets 
of C x in G, and induces a diffeomorphism from the homogeneous space G/C x 
onto the orbit space M x 

f x : G/C x 4 M x by [g] -)• gxg' 1 . 

The manifolds G/C x arising in this fashion have offered many important sub- 
jects in geometry, as shown in the next two examples. 

Example 1.1. Let Z(G) be the center of G and let x € G be an element with 
x r E Z(G) for some power r > 2. The homogeneous space G/C x possesses a 
canonical periodic r automorphism 

cr x : G/C x -> G/C x by a x [g] = \xgx~ 1 ]. 
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For this reason the pair (G/C x ,a x ) is called an r -symmetric space of G in [5]. 
In the special case of r = 2, they are the global Riemannian symmetric spaces 
of G in the sense of E. Cartan [llj.D 

Example 1.2. If the minimal geodesic joining the group unit e G G to x is 
unique, the centralizer C x is a parabolic subgroup of G. The corresponding 
homogeneous space G/C x is called a flag manifold of G, which is the focus of 
the classical Schubert calculus [23 [23 □!]•□ 

To investigate the geometry and topology of the homogeneous space G/C x it 
is often necessary to determine explicitly the isomorphism type of the centralizer 
C x in term of x G G. However, in the existing literatures one merely finds 
method to decide its local type in some special cases [2Q SI ES] , see Remark 
2.10. The purpose of this paper is to give an explicit procedure for calculating 
the centralizer C x in term of a minimal geodesic joining the unit e to x , see 
Theorem 4.3 in §4.1. This result is applied to classify the isomorphism types of 
maximal subgroups of maximal rank of G in §4.2, and of parabolic subgroups 
of G in §4.3. 

To be precise some notation are needed. For a compact connected Lie group 
K the identity component of the center Z(K) of K will be denoted by K Rad , 
and will be called the radical part of K (this is always a connected torus sub- 
group of K). According to Cartan's classification on compact Lie groups, up to 
isomorphism, the group K admits a canonical presentation of the form 

(1.1) K = (Gi x ■■■ x G k x K Rad )/H 

in which 

i) each Gt is one of the 1-connected simple Lie groups, 1 < t < k; 

ii) the denominator H is a finite subgroup of Z(Gi) x ■ ■ ■ x Z(Gk) x K Rad . 
It is also known that all 1-connected simple Lie groups G, together with their 
centers, are classified by the types $g of their corresponding root systems tab- 
ulated below [23 P-57] 
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Table 1. The types and centers of 1-connected simple Lie groups 



Definition 1.3. In the presentation (1.1) the group G\ x ■ ■ ■ x Gk is called the 
semisimple part of K, and is denoted by K s . 

The obvious quotient (i.e. covering) map tt : K s x K Rad —> K is called the 
local type of K.O 

Corollary 1.4. Let K be a compact connected Lie group. The following 
statements are equivalent. 

i) The group K is semisimple; 

ii) K Rad = {e}; 

Hi) The local type tt of K agrees with the universal cover of K.D 
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The paper is arranged as the following. Section 2 contains a brief introduc- 
tion on the roots and weight systems of Lie groups, and obtains the local type 
7r : C% x C x ad — » C x of a centralizer C x in term of x G G in Theorem 2.8. 
In section 3 we introduce for each compact connected Lie group K so called 
extended weight lattice H%, together with two deficiency functions on it. They 
are applied in Theorem 3.7 to specify the isomorphism type of a subgroup K 
in a semisimple Lie group G. Summarizing results in Theorems 2.8 and 3.7, an 
explicit procedure for calculating the isomorphism type of a centralizer C x in 
an 1-connected Lie group G is given in Theorem 4.3 of Section §4.1. Finally, 
to demonstrate the use of Theorem 4.3 we determine in §4.2 and §4.3 all the 
centralizers C exp r u \ in an 1-connected exceptional Lie group G with u a multiple 
of a fundamental dominant weight of G. 

2 The local type of a centralizer 

In this paper K denotes a compact connected Lie group, and the notion G is 
reserved for the compact semisimple ones. 

Equip the Lie algebra L(K) of K with an inner product (, ) so that the 
adjoint representation acts as isometries on L(K). Fixing a maximal torus T 
on K the Cartan subalgebra of K is the linear subspace L(T) of L(K). The 
dimension n = dimX 1 is called the rank of the group K. 

2.1 The root system of a compact connected Lie group 

The restriction of the exponential map exp : L(K) — > K to the subspace L(T) 
defines a set S{K) = {Li, • ■ • , L m } of m = ^(dimK — n) hyperplanes in L(T), 
namely, the set of singular hyperplanes through the origin in L(T) [2j p. 168]. 
Let Ik C L(T) be the normal line of the plane Lk through the origin, 1 < k < m. 
Then the map exp carries Ik onto a circle subgroup on T. Let ±a& 6 Ik be the 
non-zero vectors with minimal length so that exp(±afe) = e, 1 < k < m. 

Definition 2.1. The subset $ K = {±a k G L(T) \ 1 < k < m} of L(T) is called 
the root system of K.O 

Remark 2.2. We note that the root system <&k by Definition 2.1 is duai to 
those that are commonly used in literatures, e.g. [U [T^]. In particular, the 
symplectic group Sp(n) is of the type B ni while the spinor group Spin(2n + 1) 
is of the type C n .D 

The planes in S(K) divide L(T) into finitely many convex regions, called 
the Weyl chambers of K. Fix a regular point xo G L(T), and let J-(xq) be the 
closure of the Weyl chamber containing xo. Assume that L(xq) — {L\, • • • , L^} 
is the subset of S(K) consisting of the walls of F(xq). Then 

(2.1) h < n, where the equality holds if and only if K is semi-simple. 

Let di G $k be the root normal to the wall Li G L(xq) and pointing toward xq. 

Definition 2.3. The subset S(xq) = • • • ,cth} of the root system $x is 
called the system of simple roots of K relative to xq . 

The Cartan matrix of K (relative to xq) is the h x h matrix defined by 



3 



(2.2) A= (bij)hxh, hj = 2(ai,aj)/(atj,aj). 

The lattice in L(T) spanned by all simple roots is called the root lattice, and 
is denoted by A r K . The subset of A r K consisting of the sums of the simple roots 
ai, • ■ • ,och is denoted by A^- + . We shall also put 

whose elements are called the positive roots of K.O 

The set S(x ) of simple roots defines a partial order -< on L(T) by the 
following rule: for two vectors u,v G L(T) we say w -< u if and only if the 
difference u — v is a sum of elements in 5(xo) (he. belongs to A r ^ + [T2J p. 47]). 

If G is a simple Lie group, elements in <3>g has at most two lengths. Let 
j3 G $J (resp. 7 G be the unique maximal short root (resp. unique 
maximal long root) relative to the partial order -< on From [121 p. 66, Table 
2] one gets 

Lemma 2.4. Let G be a simple Lie group. We have j3 = 7 unless G — 
G2, -F4, B n or C n . 

Moreover, if G — Gi,F^, B n or C n we have (3 -< 7 and the lengths of the 
three vectors 7, /3, 5 = 7 — /3 are given in the taWe be/ow 
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2.2 The weight system of a semisimple Lie group 

A nonzero vector a G A^- gives rise to a linear map 

(2.3) a* : L(T) -> K by a*(ar) = 2(x, a)/(a, a). 

If a G <E>k is a root, the map a* is called the inverse root of a ([121 p-67]). 

Definition 2.5. Assume that G is a semisimple Lie group. The weight lattice 
of G is the subset of L(T) 

A G = {i£ L(T) I ol*(x) G Z for all a G $ G }, 

whose elements are called weights. Its subset 

(2.4) fi G = fa G L(T) I a^ut) = S h3 , a, G S(x )} 

is called the set of fundamental dominant weights of G relative to xo, where 5ij 
is the Kronecker symbol. □ 

Lemma 2.6. Let G be a semisimple Lie group with Cartan matrix A, and let 
CIg = ' • ' j w n} be the set of fundamental dominant weights relative to the 
regular point xo . Then 

i) £1g = {wi, ■ ■ ■ ,uj n } is a basis for A G over Z; 

ii) the fundamental dominant weights w\, ■ ■ ■ ,u n can be expressed in term 
of the simple roots {oti, ■ ■ • , a n } as 
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in) for each 1 < i < n the half line {toJi £ L(T) \ t £ R + } is the edge of the 
Weyl chamber J-(xq) opposite to the wall Lj.D 

Proof. With the assumption that G is semisimple, we have that h — n by (2.1), 
and that the Weyl chamber J-(xq) is a convex cone with vertex G L(T). 

Properties i) and ii) are known. By (2.4) each weight uji £ £Ig is perpendic- 
ular to all the roots ctj (i.e. uji £ Lj) with j ^ i. This shows iii).D 

For a simple Lie group G we shall adopt the convention that its fundamental 
dominant weights wi, • • • , uj n are ordered by the order of their corresponding 
simple roots pictured as the vertices in the Dynkin diagram of G [HI p. 58]. Let 
LIg C Q g = {uj\, ■ ■ ■ , Un) be the subset of minimal weights with respect to the 
partial order -< (see §2.1) on £Iq- By considering the center Z(G) as a Unite 
subgroup of T one has the relation 

(2.6) exp(n G U {0}) = Z{G), see [H P-72, Excercise 13]. 

Explicitly, for each simple Lie group G with type $g the set Hq of minimal 
weights is presented in Table 2 below: 
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Table 2. The set LT G of minimal weights of a simple Lie group G 



2.3 Computing in the fundamental Weyl cell 

Let G be an 1-connected simple Lie group with maximal short root f3 € f&J. 
The fundamental Weyl cell of G is the simplex in T(xo) defined by 

A = {u e T{xq) I 13* (u) < 1}. 

In view of property iii) of Lemma 2.6, a vector u £ A if and only if there is a 
subset = {fci, • • • , k r } C {1, • • • , n} so that 

(2.7) u = AfejWfej + • • • + \k r ujk r with Xk s > and (3(u) < 1. 
Let /„ be the complement of I u in {1, • • • , n}. 

Lemma 2.7. If it G A is nonzero with u ^ f2 G one has 

(2.8) < a* (it) < 1 for any positive root a G 
Moreover 

i) a* (it) = implies that a is a sum of the simple roots cti with i G /«; 

ii) a*(it) = 1 implies that /3*(it) = 1, and that there is an k G {1, 2} so that 
fc/3 — a is a sum of the simple roots on with i £ I u . 

Proof. Let d : T x T — > K be the distance function on T induced from the 
metric on L(G). Since G is 1-connected, it G A implies that d(e, exp(it)) = ||u||, 
see [SI 13- It follows that ||it|| < ||it — a|| for any a G A G . In particular, 



5 



(2.9) a*(u) = < 1 for all nonzero a G A£+. 

On the other side, express a G Aq + in term of the simple roots as 

a = + • ■ • + k n a n with ki G Z + . 
With respect to the expression (2.7) we have 

(2.10) a*(u) = j^A E AiAiCai.Wi)) = t^( E W^oO) > 

iei u ' iein 

Since C the relation (2.8) has been shown by (2.9) and (2.10). 

By (2.10) a*(u) — implies that fc, = 0, « £ /„. This shows i). 

Let a £ $jt be with a*(u) = 1. The proof of ii) will be divided into two 
cases, depending on whether a is a short or a long root. 
Case 1. If a is short we get from a -< (3 that 

(3 — a = k\ct\ + • • • + k n a n with ki G Z + . 

Consequently, 

1 > /3» = a*(u) + T} fa{ E Kh{a t , ai )) > 1, 

iei u 

where the first inequality > comes from (2.8), and the second follows from 

a*(u) = 1 and E Ajfc^a^aj)) > 0. 

ieiu 

This is possible unless h = for all i G /„. This shows ii) when a is short. 
Case 2. If a is long we get from a -< 7 that 

7 — a = fciai + • • • + fc„a n with fc^ G Z+. 

The relation 

1 > 7 *(u) - a*(u) + 7^y( E AifciCai.Oj)) > 1 

and the assumption a*(u) = 1 force that 

(2.11) 7 *(w) = 1 and 7 - a = E ^ G 

Write 7 = /3 + (5 with ^ = 7-/? (note that 5 G A^ + ). From j*(u) = 1 and 
WW 2 = ll<5|| 2 by Lemma 2.4 we get that 

jgp =/*>) + «>), 

where (3*(u), S*(u) < 1 by (2.9). Again by Lemma 2.4 this is possible if and 
only if when G — F4, B n , C n and 

(2.12) 7 *(u) = 0*(u) = <f*(u) = 1. 
Assume, apart from (2.7), that 
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u = + • • • + A n w„. 

If G = F4 the system (2.12) becomes 

2Ai + 3A 2 + 2A 3 + A 4 = 2Ai + 4A 2 + 3A 3 + 2A 4 
= 2Ai + 2A 2 + A 3 = 1. 

It implies that Ai = |; A 2 = A3 = A4 = and consequently, I u = {2, 3, 4}. The 
proof of ii) for G = F4 is completed by (2.11) and 

7 = 2/3 - a 2 - 2a 3 - 2a 4 (see [H P-66, Table 2]). 

If G = B n the system (2.12) gives 

Ai + 2A 2 + ■ • • + 2A ri _i + A„ = 2Ai + ■ • • + 2A„_i + A„ 
= 2A 2 + • • • + 2A„_i + A„ = 1 

It implies that Ai = and consequently I u D {1}. The proof of ii) for G = B n 
is completed by (2.11) and 

7 = 2/3 - ai (see [H P-66, Table 2]). 

Finally, if G = C n the system (2.12) turns to be 

AH h A„ = Ai + 2A 2 H h 2A„ = A x = 1. 

It implies that Ai = 1, A 2 = A3 = A 4 = and consequently u — w 4 . This 
contradiction to u ^ f2 G completes the proof of ii) for G = G„.D 

2.4 The local type of a centralizer 

Let G be an 1-connected simple Lie group with maximal short root (3 £ 
and Dynkin diagram Tq. The extended Dynkin diagram of G with respect to 
— (3 is denoted by Tq- For a u G A given as that in (2.7) denote by T u (resp. 
T{~) for the identity component of the subgroup of T: 

p| ker[5, : T -> S 1 } (resp. ker[/3 : T -> S 1 } f] ker[5, : T ->• 5 1 ]), 
ie7 u ieiu 

where 5* 1 is the circle group {exp(27rit) e C | t e [0, 1]}, and where 5 : T — > 5 1 
is the homomorphism whose tangent map at the group unit is the inverse root 
a* : L(T) -> R of a e $ G (i-e. (2.3)). Let r u C T G (resp. C f G ) be the 
subdiagram obtained by deleting all the vertices a& with k 6 /„, as well as the 
edges adjoining to it, from r G (resp. r G ). 

Since each x E G is conjugate in G to an element of the form exp(w) with 
u G A, and since the isomorphism type of a subgroup of G remains invariant 
under conjugation, the study the isomorphism type of a centralizer C x , x G G, 
can be reduced to the cases x — exp(it), u G A . Geometrically, the path 
j u (t) = exp(tu), £ G [0, 1], is a minimal geodesic on G joining the unit e to x. 

Let G| and C^ ad be respectively the semisimple part and the radical part 
of the centralizer C x . In view of the fact that the semisimple part of a group 
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is classified by its Dynkin diagram jT2] P-56], the next result specifies the local 
type of the centralizer C exp („) in term of u G A. 

Theorem 2.8. Let G be a compact and 1-connected Lie group and let x = 
exp(u) G G be with u G A but u £ flc U {0}. Then the centralizer C x is a 
compact, connected and proper subgroup of G. 
Moreover, 

i) if 0(u) < 1, then r c = = r„, C* ad = T u ; 

ii) if P(u) = 1, then T Ci = C* ad = . 

Proof. According to Borel [3J Corollary 3.4, p. 101] the centralizer C x in an 1- 
connected Lie group G is always connected. Furthermore, with the assumption 
that u <fc Og U {0}, the group C x must be a proper subgroup of G. 

To show i) and ii) assume that the Cartan decomposition of L(G) is 

L{G) = L{T)@ L a , 

a6<£>+ 

where L a is the root space belonging to the root a G $q ([121 p.35]). According 
to [U p. 189], for x = exp(u) with u G L(T) the Cartan decomposition of the Lie 
algebra L(C X ) is 

(2.13) L{C X ) = L(T) © L a , where l„ = {a£$+ a*(u) G Z}. 

a£f« 

In view of (2.13) the set 4> u = {±a | a G ty u } can be idcntihcd with the root 
system of the semisimple part C x of C x . 

If u € A with /3(u) < 1 we have by Lemma 2.7 that $„ = {a £ $g a*(u) = 
0} and that 

a) the set of simple roots a,; with i G I u is a base of p. 47] . 
Consequently, from the definition of the subgroup T u one gets 

b) T u C Cf ad . 

The relation r^a = T u is shown by a). For the dimension reason dim 7^+ 
rankC* = dimT we get from b) that T u = C^ ad . This finishes the proof of i). 

Similarly, if u G A with (3(u) = 1 we have by Lemma 2.7 that ^ u — {a G 
$+ | a *(u) = 0,1} and that 

c) any element in $„ is a linear combination of the simple roots cti 
with i G I u and — (3 with coefficients all nonnegative or nonpositive. 

As a result, we get from c) and the definition of the subgroup T@ C T that 

d) t£ c c™. 

With the assumptions I u ^ % and u ^ fie, we conclude by c) that the set 
{aj, — /3 | z G /„} is a base of <E> U [121 P-47] and therefore, Tcj = r^. Again, for 
dimension reason we get from d) that = C^ ad . This completes the proof. □ 

For an 1-connected simple Lie group G with rank n assume that the expres- 
sion of the maximal short root f3 G in terms of the simple roots is 
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/3 = m\otx + • • • + m n a n . 
The set of vertices of the Weyl cell A is clearly given by 

V G = {0,X t = jj^gjjyi* GA|l<Kn}. 
Let us put J~q = {ui £ A | 1 < i < n} with 

{\Xi if oii is short and rrii = 1; 
Xi otherwise. 

According to Theorem 2.8, for two vectors u,u' S A one has L(C exp ( u )) |3 
^(Ccxp(n')) if eitl;ier 4 C J u / and (3(u),j3(u') < 1, or /„ = J u / and /3(w') < 
/3(u) = 1. Since a maximal connected subgroup of maximal rank of G must be 
the centralizer of some element in G ([H Theorem 5]), we get from Theorem 2.8 
the classical result due to Borel and Siebenthal [H §7]: 

Corollary 2.9. For an 1-connected simple Lie group G with rank n, the set 
of centralizers {C exp („.) 1 < i < n} contains all the isomorphism types of 
maximal subgroups of maximal rank of G.D 

Remark 2.10. In the classical paper 4 Borel and Siebenthal intended to find 
all maximal subgroups of maximal rank of compact connected Lie groups. For 
the 1-connected simple Lie groups they give the answers only up to local types. 
As application of our Theorem 4.3, the isomorphism types of these groups will 
be determined in Theorem 4.4, compare Table 4 in §4.2 with the table in [H §7]. 

In [16] M. Reeder gives a description of the Lie algebra £(C exp ( u )) under the 
assumption that m ■ u € Aq for some multiple m. We emphasis that Theorem 
2.8 is not obvious, in view of the crucial use of Lemma 2.7 in its proof. 

In a recent Web discussion J. Newman suggested the problem of finding an 
algorithm for computing the isomorphism type of the centralizer Ch of a finite 
subgroup H of a simple Lie group G [15] . If {u\, • • ■ , Ufc} C A is a set of vectors 
in the cell A and if H is the subgroup of G generated by exp(ui), 1 < i < k. 
then the proof of Theorem 2.8, together with a comment of A. Knutson in the 
discussion [T5] , implies the next Cartan decomposition of the Lie algebra of Ch 

L(C H ) = L(T)® L a L a ,ae$+. 

a( Ul ) = - ■ -=a(u k )=0 ct(m) = - ■ -=a(u k ) = l 

More precisely, a base for the root system of the group Ch is either 

i) {ai, -/3 | l Ul n • - nI Uh } if (3(ui) = 1 for all i, or 

ii) {cti | i £ I Ul n • • • fl I Uk } if (3(ui) < 1 for some i. 

In addition, Theorem 4.3 in §4 is applicable to determine the isomorphism type 
of the identity component of the group C# .□ 

3 Deficiency functions and their properties 

According to (1.1) a centralizer C cxp ( u ) with u £ A admits the presentation 
(3.1) C exp(u) <* (G x x • • • x G k x C™, u) )/H. 
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Moreover, its local type n : G\ x • • ■ x G k x C^p( u ) y ^cxp(u) can be read from 
the expression of u in (2.7) by Theorem 2.8. To complete this work it remains for 
us to decide in term of u the finite subgroup H C Z(G\) x • • • x Z(Gk) x C^L) 
appearing as the denominator in (3.1). The main idea to do so is to introduce 
the reduced weight system of C cxp ( u ), as well as two dehciency functions on it, 
which play the role to clarify the difference between the group C exp („) and its 
local type G 1 x ■■■xG k xQ. 

3.1 Deficiency functions for semisimple Lie groups 

We begin by introducing the reduced weight system and the deficiency func- 
tions for semisimple Lie groups, and demonstrate their use in specifying the 
isomorphism type of such a group. 

Assume that G is a semisimple Lie group with local type tt : G\ x • • • x Gk — > 
G. Fix a maximal tours Ti on each Gi and take T = 7r(Ti x • • • x T k ) as the 
fixed maximal torus on G. Then L(T) = L(T\) © • • • © L(T k ) and the tangent 
map of 7r at the group unit induces a partition 

(3.3) n G = n Gl u • • • u n Gk 

where Ct G (resp. Og») is the set of fundamental dominant weights of G (resp. 
of Gi) with respect to a fixed regular point (x\, ■ ■ ■ ,x k ) £ L(T), Xi £ L(Ti). 

Definition 3.1. With respect to the partition (3.3) the reduced weight system 
of the semisimple group G is the subset of its weight lattice A G : 

n° G = {9 1 (B---(B9 k eA G l di e n Gi u {o}}. 

where H Gi is the set of minimal weights of the simple group Gi (see Table 2). 
The integer valued function S G : U G Z defined by 

Sg(9) = the order of the element exp(#) in the group 2(G), 9 G 11^, 

is called the deficiency function of G.D 

Let A G = cxp _1 (e) be the unit lattice of G. In the Euclidean space L(T) 
one has three lattices A G , A G and A G that are subject to the relations 

(3.4) A r G CA^C A G . 

Immediate, but useful properties of the function 5 G are 

Corollary 3.2. Let G be a semisimple Lie group with center Z(G). Then the 
exponential map exp : L(T) — > T satisfies cxp(IIq) = Z(G). Moreover, 

i) the value 5 G (9) is the least positive multiple so that 5 G (9) ■ 9 e A G ; 

ii) if G = Gi x G 2 , S GlxG2 (9i © 9 2 ) = l.c.m. {6 G ,(9 \),5 G2 (9 2 )}, 

where 9i £ H G . , i = 1,2, and where l.c.m. means the least common multiple of 
the indicated set of integers. 

Proof. Property i) comes from the fact that the exponential map exp induces 
an one to one correspondences A G /A G = Z(G). 
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The item ii), together with the relation exp(LI G ) = Z(G), follows from 
exp(LI Gi U {0}) = Z{Gi) by (2.6), and Z{G X x G 2 ) = Z{G 1 ) x Z(G 2 ).D 

Example 3.3. Let G be an 1-connected semisimple Lie group with reduced 
weight system LI G . Properties i) and ii) of Corollary 3.2 is sufficient to evaluate 
the function <5 G ■ II G — > Z. 

a) If G is simple with Cartan matrix A, then the fundamental dominant 
weights ojx, ■ ■ ■ ,uj n can be expressed by the simple roots as (by (2.5)) 

(3.5) uJi = ri^ai H h ri. n a n with r it k 6 Q, A^ 1 = (r id ) nxn . 

Since A G = A G for the 1-connected Lie group G, the value 5 G (wi) with Ui G 
II G is the least positive integer so that 8c{^i) • fi,fc G Z for all 1 < fc < n. 

For all 1-connected simple Lie groups the expressions (3.5) can be found in 
[T2l p. 69], from which we can read off the function Sq '■ II G — > Z and tabulate 
its values in the third column of the table below: 



G 


= n G n {0} 


6 G (9), G A G 


SU(n + l) 


{«!,••• ,w„}n{o} 


{ (7l+X,fc) }l<fe<7J 11 I 1 ! 


Sp(n) 


M u {0} 


{2}H{1} 


Spin(2n + 1) 


{^i}n{0} 


{2}E{1} 


Spin(Ari) 


{uJi,LU 2 n-l,U2n} U {0} 


{2,2,2}H{1} 


Spin(4n + 2) 


{wi,W2n-l,W2n} II {0} 


{2,4,4}H{1} 






{3,3} n{i} 


E 7 


{ W7 }n{o} 


{2}U{1} 




{0} 


{1} 



Table 3. The deficiency function Sq : II G — > Z of 1-connected simple Lie groups. 

b) If G is 1-connected with local type G = G\ x • • • x Gfe, by ii) of Corollary 
3.2 the function Sq '■ II G — > Z is evaluated by 

5 G (6i e • • • © 9 k ) = Lcm. {5 Gl (^),--. ,<5 Gfc (^)}, 

where the values Sa^Oi) with 0^ G II G . are given in Table 3-D 

In general, assume that G is semisimple with local type 

7T : G s = Gi x • • • x G fe -¥ G. 

The tangent map of it at the group unit of T = T\ x • • • x Tk induces the 
canonical identifications L(T) = L(T), II G = II Gs . It is in this sense that the 
reduced weight system II G of G possesses two deficiency functions: 

S G , ~6 G : n G -> Z, 

where 5 G =: <5 G s. The next result tells that, comparison between these two 
functions enables one to specify ker7r, which determines the isomorphism type 
of G. For a finite group H write H + for the set of all nontrivial elements in H . 

Lemma 3.4. Let G be semisimple with local type tt : G s ^— s> G, and let 
exp : L(T) — > T be the exponential map of the maximal torus T on G s . Then 
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ker^+ = G G s | 5 G {6) > 5 G (6) = 1,6 £ U° G }, 

where the order of an element exp(0) G ker7r + is 5g(0), 9 G II G . 

Proof. Since ker7r C Z{G S ) = Sq3(II Gs ) by Corollary 3.2, any element of 
ker7r + has the form exp(#) for some 9 G H G . 

On the other hand, for an element 9 G IT G the statements 5g{9) > 1 and 
Sg(9) = 1 are clearly equivalent to exp(0) G kcr7r + .D 

3.2 Deficiency functions for connected Lie groups 

We need to extend the deficiency functions to all compact connected Lie groups, 
so that an analogue of Lemma 3.4 holds for such a group. Assume therefore 
that K is a compact connected Lie group with local type 

7T : K s x K Rad K, K s = d x • • • x G k 

Taking a maximal torus Tj on eachfactor group Gi the quotient homomorphism 
7r then carries the maximal torus T — T\ x • • • x T k x K Rad on K s x K Rad onto 
the maximal torus T = 7r(T) on K. Moreover, the tangent map of 7r at the 
group unit induces an identification 

L(T) = L(T) = L(Ti) © • • • © L(T fc ) © L(A^ Qd ) 

where L(K Rad ) is the Lie algebra of the radical part K Rad . Let n GiX ... xGfc C 
L(T) be the reduced weight system of the semisimple part G\ x • • ■ x Gk- 

The unit lattice A e KRad C L(K Rad ) of the radical part K Rad is obviously a 
subset of A K . Let A^. Had (Q) be the vector space spanned by the elements in 
^- e K Rad over the rationals Q, regarded as a subset of L(T). 

Definition 3.5. The reduced weight lattice of K is the subset of L{T) 
4 = {^7£ L{T) | w G n^, iX ... xGfc ,7 G A«. Sai (Q)}. 

The deficiency function of AT is the integer valued map 5 k ■ n ^ — >• Z defined by 

(5i<-(w © 7) = the least multiple so that 5 k © 7) • (w © 7) G Af^ .□ 

Again, the tangent map of it at the group unit induces a canonical identifi- 
cation 11°, s KRad — H K and therefore, in analogue to the semisimple cases, the 
set U K possesses two deficiency functions: 

5k, 5 k ■ -> Z, (5^- =: S K s xK Rad. 

Clearly, 5k ■ LT^ — > Z depends only on the local type of K in the sense that 

M0i©---©0fc©7) =l.c.m. {5 Gl ((9i), • - • , < 5 Gfc (6» fe ), ( 5 K Ra £i (7)}, 

where #i G n G ., 7 G A^. Had (Q). The next result generalizes Lemma 3.4 from 
the semisimple Lie groups to all compact connected ones. 

Lemma 3.6. If K is compact connected Lie group with local type n : K s x 
K Rad _^ R Tben 

ker7r+ = {Sq5(6») G K s x K Rad \ 5 K (9) > 5 K {9) = 1, 6 G 11°.}, 
where the order of an element exp(6>) G ker7r+ is 5k{9), 9 G n G .D 



12 



3.3 The isomorphism type of a subgroup 

Let if be a compact, connected subgroup of a semisimple Lie group G with 
inclusion h : K — > G and local type 7r : K s x K Rad — > K. Assume that h carries 
a maximal torus T of K into that T of G, and let h* : L(T') ->■ i(T) be the 
tangent map of h at the group unit. 

Since h is monomorphic, we have h~ 1 {A f Q) = A e K . It follows that the condi- 
tion 5k (6) = lj € LT^, is equivalent to e A G . Therefore, one gets from 
Theorem 3.6 that 

Theorem 3.7. Let K be a compact, connected subgroup of a semisimple Lie 
group G with inclusion h : K — >• G and local type it : K s x K Rad — > K . Then 

(3.6) ker7r+ = {Sp(6>) e K s x K Rad \ 5 K (6) > 1,K{9) e Aq, 8 e U° K }.D 

4 The isomorphism types of centralizers in an 
1— connected Lie group 

To avoid case by case discussion we assume in this section that G is an 1- 
connected simple Lie group. Summarizing results in sections §2 and §3, our 
main result is presented in Theorem 4.3, which gives an explicit procedure for 
calculating the isomorphism type of a centralizer C oxp ( u ). 

As applications we determine in §4.2 and §4.3 the isomorphism type of those 
centralizers C oxp ( u ) with u G A a multiple of a fundamental dominant weight. 

4.1 A procedure for calculating a centralizer C x 

For a group element x = exp(u) 6 G with u e A given as that in (2.7), Theorem 
2.8 specifies the local type n of the centralizer C x , hence the deficiency function 
Sc x ■ rip — > Z, see discussion in Section §3.2. In order to apply the formula 
(3.6) to compute the group ker7r we need to know the expressions of h*(9), 
9 e lip , in term of simple roots (or equivalently, the fundamental dominant 
weights) of the group G, where h : C CKp ( u ) — > G is the inclusion. 

Let A (resp. A) be the Cartan matrix (resp. the extended Cartan matrix) 
of the group G with respect to the system {a\, ■ ■ ■ ,a n } of simple roots (resp. 
the extended system {a\, ■ ■ ■ , a n , — /?} of simple roots). As in (2.7) for a vector 
u G A assume that /„ = {k\,--- ,k r } and let /„ = {ji,--- ,j n -r} be the 
complement of the ordered sequence /„ in {1, • • • , n}. Let A u (resp. A u ) be the 
matrix obtained from the matrix A (resp. A) by deleting all the i th columns 
and rows with i € I u . 

Assume that the set flc s of fundamental dominant weights of the semisim- 

cxp(u) 

pic part C c s xp(u) is {uj[, ■■■ ,u)' s }, where 

s = n — r if (3(u) < 1, and n — r + 1 if /3(u) = 1 
As direct consequences of Theorem 2.8 we have 

Lemma 4.1. The tangent map h* of h at the group unit satisfies that 
i) if P{u)<\ then 
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l-v 








I Oljn-r J 



and 



-xp(u) 



i.(A; 

ii) if /3(tt) = 1 then 



/l*( w n-r) 
V M^n-r+l) 7 



{aiw kl H h a r o; fcr | a* £ 



v -/ 



and 



h*(A e Ra 



^exp(u) 



= {aio; fcl H h a r w fcr | Eai^*(w fc J — 0, a, G 



Proof. The formula of comes from (2.5). The expressions of h* (A cRad (Q)) 

cxp(u) 

follows from the relation = T u or T@ by Theorem 2.8, as well as the def- 

inition of the groups T u and T@ in §2.4. □ 



In general a centralizer C oxp ( u ) may not be semisimple. As a result its ex- 
tended weight system n^. might contain the infinite factor A^ Ho<1 (Q) C-^-c expM > 
see Definition 3.5. This raises the question whether the deficiency function 
5c x ■ 11^ — > Z can be effectively calculated. The next result allows us to 
reduce the determination of ker 7r + by dealing with the finite set 



(4.i) h u = {e g n° e%w | s CLp( je) > 1, g ^(a^ o1 (Q)) mo dA- G } 



exp(u) 



which, in practice, can be easily decided from the concrete expressions of h*(6) 
(with 9 G Il^e ) and /i*(A« Ko<J (Q)) by Lemma 4.1. Note that with the 

cxp(u) U exp(«) 

assumption that G is 1-connected, one has A G — A e G . 



Theorem 4.2. Let tt be the local type of the centralizer C exp („). Then 
(4.2) kcr^+ = {555(0 - le) I G H u }, 

is an arbitrary element satisfying 

h*(6) = /i*(7e) mod A£. 



where 7 e G A^, Had 

exp(w) 



oxp(ti) X ^Sptu) ° f Cexp(u) 



Proof. The exponential map exp of the local type C f 

will be written as exp, x exp 2 , where expn and exp 2 are the exponential maps 
of the factors C| xp(u) and C^ u) , respectively. Let 



*2 ■■ CX\u) ^c X p( U ) 
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be the restriction of 7r on the second factor C Rad , ,. By the definition of the 

radical part K Rad of a Lie group K (see §1) the map 7r 2 (hence the composition 
ft o 7r 2 ) is injective. 

For a, 8 E H u let -f g G A*L Rad (Q) be a vector with h*(9) = ft*(7#) mod A G . 

cxp(w) 

We get from 

^ exp(u) (0 - 7.) ^ l.cm. {<5c !xp(u) (0), 5 c n %u (- 7e )} > fe e%M (0) > 1 

and 

ft* (# — 70) G A r G (since ft*(#) = ft*(7 e ) mod A G ) 

that 6x55(0 — 73) G ker7r + by Theorem 3.7. Furthermore, the element exp(6* — j g ) 
is independent of the choice of 7 e since if 7^ G A e Rad (Q) is a second one with 

cxp(w) 

ft*(0) = /i*( 7 g) mod A G , then the relation 

^*(7e) = /i*( 7 e) mod A' G 
and the injectivity of ft, o 7r 2 imply that 

cxp 2 ( 7e ) = cxp 2 ( 7 ^) (in C^ (u) ). 

Consequently, 

exp(# - le) = expi(0) x cxp 2 (- 7e ) 
= ex Pl (0) x cxp 2 (- 7 ^) = Sp(0 - 7 ',) (in C| xp(u) x C c ^ u) ). 

Conversely, for any pair (0,7) G IT GS xA e Rad (Q) (= II G ) with 

exp(u) ^oxp(u) cxp(u) 

cxp(# — 7) G kcr7r+, we get from h*(6 — 7) £ A G that ft*(#) = ft* (7) mod A G , 
and from 

^^(f -7) = 1-c.m. {^ xpW (e),^ ptu) (- 7 )} > 1 
and the injectivity of ft o 7r 2 that <5c= xp(u) (#) > 1- This completes the proof. □ 

Summarizing the results in Theorems 2.8, 4.2 and Lemma 4.1, we obtain the 
next explicit procedure for calculating C cxp („) in term of u G A. 

Theorem 4.3. Let G be an 1-connected simple Lie group with fundamental 
Weyl cell A. For an vector u G A with u ^ f2 G the isomorphism type of C e x P («) 
can be obtained by the procedure below: 

Step 1. Apply Theorem 2.8 to get the local type of C oxp („) in the form 
G\ x • • • x Gk x C Rad with each Gi an 1-connected and semisimple Lie group. 
Accordingly, write the reduced weight system of the semisimple part C| xp („) as 

u° cs ={e 1 ®---®9 k \e i GU Gi u{o}}. 

exp(u) 

Step 2. Apply Lemma 4.1 to get the expressions of the vectors h*(6) (with 
9 G ITq.) and the subspace ft*(A„ Ho<i (Q)) in Ag(Q). Accordingly, specify the 

oxp(u) 

finite set 
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H u = {0& n°, s | Sc* ,(9)> 1, K{9) e K(A e cRad (Q))modA^}. 

cxp(u) cxp(u) '-'oxp(u) 

Step 3. The group C cxp ( u ) is isomorphic to G\ x • • • x Gt X C^ ad / 'ker tt with 

ker7r+ = {e~xp(8 - 7e ) e C% x C* ad | 6 G ff„}, 
where 7 e G A^, Rad (Q) an element satisfying h st {9) = /i*(7 ) mod A G .D 

cxp(u) 

Finally, concerning the structure of ker tt as a group, the next observation 
from the relation (4.2) will be repeatedly used in the forthcoming calculation: 

(4.3) if the set H u contains p — 1 elements and if do G H u is an element with 
$C S ( } ($o) = P, then ker tt is the cyclic group Z p of order p generated by 
the element exp(6» - 7 9 J G G x x ■ • • x G k x C^.D 

4.2 The maximal subgroups of maximal rank in a Lie 
group 

Let G be an 1 connected exceptional Lie group with rank n. From the expres- 
sion of the maximal short root (3 given in [12l p. 66], the set Tg (see §2.4)) is 
determined and presented in the second column of Table 4 below. Applying 
Theorem 2.8 one obtains the local types of the centralizers C cxp ( u ), u G Tq, 
that are presented in the third column of the table. 

In view of the explicit presentation of Tq in the second column of the table 
we note that elements in Tq are of the form u,- = with pi > an integer, 
1 < i < n. According to Borel and Siebenthal [U Theorem 6] we have 

(4.4) the centralizer C exp („.) with ui = ^ G Tq is a maximal subgroup of 
maximal rank of G if and only if pi is a prime. 

Carrying on discussion in Corollary 2.9 and Remark 2.10 we determine the 
isomorphism types of the centralizer C exp ( Ui ) for all Ui G J-q. In order to make 
the generators of ker7r explicit, for a product K = K\ x K2 of two groups 
we write expj x exp 2 instead of exp, where exp (resp. exp, ; , i = 1,2) is the 
exponential map of the group K (resp. of Ki, i — 1,2). 

Theorem 4.4. Let G be an 1-connected exceptional Lie group. The isomor- 
phism types of the centralizers C oxp ( u ) with u G Tg are given by the third 
and fourth columns of the table below, in which those are of maximal in G are 
specified by (4.4) (compare with the table in {4[ §7/J. 
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G 



u G Fq 



2 



Local type of C cxp(ll) 



ker7r (generator) 



G 2 



SU{2) x 5(7(2) 
5(7(3) 



Z 2 
Z 3 



x exp 2 (tjf)) 

) 



F 4 



Spin(9) 
SU(2) x 5(7(4) 
5(7(3) x 5(7(3) 
5p(3) x 5C/(2) 



{0} 

z 2 
z 3 
z 2 



cxp 1 (w\ 
exp 1 (wj 



x exp 2 (w2)) 
x exp 2 (w|)) 
x cxp 2 (cjf)) 



Be 



hi Ha 

2 ' 2 
C£2. ^5 
2 ' 2 ' 2 

.1 



Sptn(10) x 5 1 Z 4 
5(7(2) x 5(7(6) Z 2 
5(7(3) x 5(7(3) x 51/(3) Z 3 



exp^tji 
expiCwj 
expj^ (&i 2 



X exp 2 (- |cJi (6 ))) 
xexp 2 (o;2)) 

X cxp 2 (cjf) X cxp 3 (o;f)) 



X cxp 2 (u^)) 
X cxp 2 (w|)) 

X exp 2 (wf) X exp 2 (w§)) 
x cxp 2 (-^cj 7 )) 



E 7 



4 



Spin(12) x 5(7(2) Z 2 

5(7(8) Z 2 

5(7(3) x 5(7(6) Z 3 

5(7(2) x 5(7(4) x 5(7(4) Z 4 

E 6 x 5 1 Z 3 



ex Pl( w 5 

exp(wj) 
expi(a)] 
expi(wj 



2 

4 

ik 

4 

2 



5pm(16) Z 2 

5(7(9) Z 3 

5(7(8) x SU(2) Z 4 

5(7(2) x 5(7(3) x 5(7(6) Z 6 

5(7(5) x 5(7(5) Z 5 

5pin(10) x 5(7(4) Z 4 

£ 6 x 5(7(3) Z 3 

E 7 x 5(7(2) Z 2 



exp(^i) 
exp(wj); 

c x Pi(w 2 
exp^w} 
exp^w} 
e-xpj^ 

expj^; 
exp x (ujj 



X cxp 2 (w?)) 

x exp 2 (wf) X exp 3 (o;|)) 
x exp 2 (cj2)) 
X exp 2 (u)|)) 
x exp 2 (u;|)) 
x exp 2 (wf)) 



Table 4. The maximal subgroups of the maximal rank of exceptional Lie groups 



Proof. It suffices to establish the results in fifth columns of the table. These will 
be done by applying the steps 2 and 3 entailed in Theorem 4.3. The calculations 
will be divided into five cases in accordance to G = G 2 , F4 , Eq , E7 and _Eg ■ 

If G = E 6 , u = Tp- (resp. G = £7, u — ^), the centralizer C oxp („) are 
parabolic. The proofs of these cases will be postponed to the next section. 

In the remaining cases the centralizers C exp ( K ) are always semisimple. There- 
fore, the constraint h^(0) £ h*(k e cRad (Q))modAg on the set H u (see (4.1)) is 

cxp(it) 

equivalent to h*(6) = OmodA^.. 

It is more convenient for us to express h*{9) with 6 £ nc oxp(u ) m term of 
the weights of G (instead the simple roots) . For the transitions from weights to 
roots we refer to the table in Q21 p. 69]. 



Case 1. G= G 2 - 

i) If u = the local type of the centralizer C Gxp ( u ) is SU(2) x SU{2). 
Accordingly, assume that the set of fundamental dominant weights of C oxp („) is 
il = {oj{} II Applying Lemma 4.1 we get the expressions of h*(uj) with 
ijj £ n,5[/(2) LI Hsu (2) by fundamental dominant weights wi,ll>2 of G 2 : 

h*(u{) = -Hf*; = u>2 - §wi. 

It follows that the set H u consists of the single element u>\ whose deficiency 
in the group SU{2) x SU(2) is 2. 

Consequently, ker7r = Z2 with generator exp 1 (w}) x exp 2 (^i)- 

ii) If u = the local type of the centralizer C cxp ( u ) is SU(3). Accordingly, 
assume that the set of fundamental dominant weights of C exp ( u ) is = {uj\, uj\}. 
Applying Lemma 4.1 wc get the expressions of h*(uj) with lj £ ^Isuci) by the 
fundamental dominant weights cji,w 2 of G2: 
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It follows that the set H u consists of two elements oj\ and uj\ whose deficiencies 
in the group SU(3) are both 3. 

Consequently, kcr-zr = Z 3 with generator exp 1 (w}) by (4.3). 

Case 2. G = F 4 

i) If u = the local type of the centralizer C oxp („) is Spin(9). Ac- 
cordingly, assume that the set of fundamental dominant weights of C cxp ( u ) is 
{w},W2> uj\,(jj\}. Applying Lemma 4.1 we get the expressions of h*(uj) with 
oj e Tlspin(9) — by fundamental dominant weights of F4 

K{oj\) = -^. 

It follows that H u = 0. Consequently, ker7r = {0}. 

ii) If u = the local type of the centralizer C cxp ( u ) is SU(2) x SU(A). 
Accordingly, assume that the set of fundamental dominant weights of C oxp ( u ) is 
{cu{} II {oj\, lu^oj^}. Applying Lemma 4.1 we get the expressions of h*(oj) with 
oj E L t jS [ / (2) U n S! 7(4) by the fundamental dominant weights of F4 



h*(oj{) 


= OJl - \oj 2 


K (uj\) 


= 0J 3 - \oj 2 


h* (002) 


= OJ4 - \oj 2 




= ~\u 2 . 



It follows that the set H u consists of the single element oj\ © oj\ whose deficiency 

in the group SU(2) x SU{4) is 2. 

Consequently, ker7r = Z2 with generator exp 1 (w}) x exp 2 (w2)- 

hi) If u = ^j., the local type of the centralizer C cxp ( M ) is SU(3) x SU(3). 

Accordingly, assume that the set of fundamental dominant weights of C cxp („) is 
= {uj\,ojI} II {oj\ 1 oj 2 v }- Applying Lemma 4.1 we get the expressions of h*(uj) 

with oj £ Hsu(3) U 115^/(3) by the fundamental dominant weights of F4: 

K{oj\) = u>i- |w 3 
K(oj\) = oj 2 - 
K(uj\) =004- |cj 3 

fli,(oJ 2 ) = ^| w 3- 

It follows that the set H u consists of the two elements oj\ © oj\ and uj\ © oj\ 
whose deficiencies in the group SU{3) x SU(3) are both 3. 

Consequently, kcr7r = Z3 with generator exp-^w];) x exp 2 (w2) by (4.3). 

iv) If u — the local type of the centralizer C oxp ( M ) is Sp{3) x SU(2). 
Accordingly, assume that the set of fundamental dominant weights of C exp („) is 
Q = {uj\, oj\ 1 W3} II {wf}. Applying Lemma 4.1 we get the expressions of ft.*(cj) 
with oj e n Sp ( 3 ) U n SC /(2) by the fundamental dominant weights of F4: 

/l*(Wg) = LO3 - |w4; = 

It follows that the set H u consists of the single element uj\ © oj\ whose deficiency 
in the group Sp(3) x 517(2) is 2. 

Consequently, ker7r = Z2 with generator exp^a;^) x exp 2 (wf). 
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Case 3. G = E e . 

i) u = ^ (resp. ^). See in the proof of Theorem 4.6. 

ii) If u = ^ (resp. ^,^), the local type of the centralizer C exp („) is 
S'[/(2) x ^[/(G). Accordingly, assume that the set of fundamental dominant 
weights of C oxp („) is {u{} II {uj^, w§, w 4 , W5}. Applying Lemma 4.1 we get 
the expressions of with w G Ilg^^) L- 1 Ilg^^) by the weights of E e : 

(resp. u!\-\u)z\ cj 6 -iw 5 ) 
W 1 -|w2 (resp. w 6 -iu; 3 ; Wi-|w 5 ) 
W3-W2 (resp. W5-W3; W3-W5) 
w 4 -|u;2 (resp. w 4 - |cj 3 ; cj 4 -|w 5 ) 
W 5 — W2 (resp. CJ2-W3; W2-CJ5) 
W 6 -|w 2 (resp. -5W3; 

It follows that the set H u consists of the single element oj\ © w§ whose deficiency 
in the group SU{2) x 517(6) is 2. 

Consequently, ker7r = Z 2 with generator exp 1 (w}) x exp 2 (o;|). 

hi) If u = tj 1 , the local type of the centralizer C oxp ( u ) is SU(3) x SU(3) x 
^[/(S). Accordingly, assume that the set of fundamental dominant weights of 
C exp („) is n = {uj\,ujI}U{ujI, uj2}U{ujI, iv Applying Lemma 4.1, we get the 
expressions of h*(u>) with oj e Hsu (3) U Usu(3) L- 1 ng(7( 3 ) by the weights of E 6 : 





= Wl 


- ±w 4 




= w 3 


-fw 4 




= w 2 


- |w 4 


/i* (002) 


1 

3 


CJ 4 




= ^5 


- |w 4 




= W 6 


- ±w 4 



It follows that the set H u consists of the two elements u\ © w\ © and uj\ © 
W2 © col whose deficiency in the group SU(3) x SU(3) x SU(3) are both 3. 

Consequently, ker-zr = Z 3 with generator exp^wJ,) x exp 2 (u;i) x exp 3 (wf) by 
(4-3). 

Case 4. G = E 7 

i) If u = ^ ( res P-if )i the local type of the centralizer C cxp ( u ) is Spin(12) x 
SU(2). Accordingly, assume the set of fundamental dominant weights of Cexp^) 
is il = {uj\,ujI, cj|,w 4 ,a;5,w|} II {uj\}. Applying Lemma 4.1 we get the expres- 
sions of h*(uj) with w e Tlspin(i2) U N-su(2) by the weights of E?: 

/i»(wj) ~uj 7 -^uj 1 (resp. -^6) 
K(uj\) =W 3 -|wi (resp. w 5 -|w 6 ) 
/i»(o;g) = w 2 — cji (resp. CJ2 ^6) 
= (resp. uj 7 —\ujq). 



/i*(w 2 ) = 
h*(co 3 ) = 
h*(oJ 4 ) = 
K{Jl) = 
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It follows that the set H u consists of the single element oj\ ®w\ whose deficiency 
in the group Spin (12) x SU{2) is 2. 

Consequently, kcr7r = Z 2 with generator exp x (u]\) x exp 2 (wi). 

ii) If u = -pj 1 , the local type of the centralizer C exp („) is SU(8). Ac- 
cordingly, assume that the set of fundamental dominant weights of C cxp ( tl ) is 
ft = {uj\,lj\,oj\,w\,w\,oj\,oj 7 } . Applying Lemma 4.1 we get the expressions of 
/i*(w) with co e n sc/ ( 8 ) by the weights of Ey. 





l 

2 


CJ 2 


h* (uj\) 


= Wl 


- CJ 2 


K{w\) 


= W 3 


-1^2 


h. t {uj\) 


= (x»4 


- 2uj 2 


K (Wg) 


= ^>5 


-fw 2 


/i*( w e) 


= ^ 6 


- ^2 


/i* (w 7 ) 


= CJ7 


- ±cj 2 



It follows that the set if u consists of the single element u>\ whose deficiency in 
the group SU(8) is 2. 

Consequently, kcr7r = Z 2 with generator exp(^4). 

hi) If u = ^ (resp. the local type of the centralizer C exp („) is SU(3) x 
SU(6). Accordingly, assume that the set of fundamental dominant weights of 
Cexp(u) is O = {cj},^} II {co 1, uj 2, 0J3, ujI, cj^} . Applying Lemma 4.1 we get the 
expressions of /i*(w) with to £ Hsu(3) LI ^-su(6) by the weights of Ey. 



K(oj\) 


= (resp. w 6 


2 
3 


W5) 




= wi - |cj 3 (resp. 




- w 


h* (ujj) 


= w 2 - §W3 (resp. 


1 

3 




h* (0J2) 


= W4 — |cj3 (resp. 


CJl 


-1-5) 


h * ( w i) 


= W5 — o; 3 (resp. w 3 — 


W5) 


ft* (w 4 ) 


= uj 6 - 3W3 (resp. 




- 1-5) 


ft* (w§) 


= lj 7 - |cj 3 (resp. 


CJ 2 


-1-5) 



It follows that the set £f„ consists of the two elements oj\ © w| and wJ, © w| 
whose deficiencies in the group SU(3) x SU(6) is 3. 

Consequently, ker7r = Z3 with generator exp 1 (w}) x cxp 2 (w4) by (4.3). 

iv) If u = the local type of the centralizer C oxp („) is SU(2) x SU(4) x 
SU(4). Accordingly, assume that the set of fundamental dominant weights of 
Cexp(w) is f2 = {w}} II {ljI, ll>2, oj%} II {u>i , u>2, W3}. Applying Lemma 4.1 we get 
the expressions of h*(oj) with cj s 115(7(2) LI IIs^) U 115(7(4) by the weights of 
Ey 

K(uj\) = uj 2 - \oJ i 
K(uj\) = -\oJi 
h*(u>l) = oj\ — |cj 4 
ft*(w§) = u> 3 - |cj 4 
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/l*(Wg) =LJ7 — jLOi. 

It follows that the set consists of the 3 elements 

whose deficiencies in the group SU(2) x SU(4) x St/ (4) are 2,4,4. 

Consequently, ker7r = Z 4 with generator exp 1 (w}) x exp 2 (w^) x exp 2 (wg) by 
(4.3). 

vi) u = See in the proof of Theorem 4.6. 
Case 5. G = E 8 

i) If u = the local type of the centralizer C cxp ( M ) is Spm(16). Ac- 
cordingly, assume that the set of fundamental dominant weights of C cxp ( u ) is 
ft = oj\, w\, lo\, uj\,uj\, Wg}. Applying Lemma 4.1 we get the expressions 
of with u! € Tlspin(i6) = w 7j w 8} by the weights of Eg 

ft*(Wy) = cj 3 — 2wi 

It follows that the set H u consists of the single element w 7 whose deficiency in 
the group Spin(16) is 2. 

Consequently, ker7r = Z 2 with generator exp(u>j). 

ii) If u = the local type of the centralizer C exp („) is S?7(9). Ac- 
cordingly, assume that the set of fundamental dominant weights of C cxp ( u ) is 
fl = {u\,oj\,uj\, lo\, lo\,uj\, uj\, oo\}. Applying Lemma 4.1 we get the expressions 
of h*{uj) with id e 115(7(9) by the weights of E s : 





= Ul 


- fw2 


h* (w 2 ) 


= 


- |w 2 


h* (u>\) 


= CJ4 


- 2w 2 


h* (u>l) 


= ^5 


-fw 2 




= ^ 6 


- |w 2 


K{w\) 


= OJj 


- LjJ 2 




= W 8 


-|W2 




1 

3 


CJ 2 . 



It follows that the set i?„ consists of the two elements w\ and Wg whose defi- 
ciencies in the group SU(9) are both 3. 

Consequently, kcr7r = Z 3 with generator exp^g) by (4.3). 

iii) If u — ^j-, the local type of the centralizer C cxp ( M ) is SU(8) x SU(2). 
Accordingly, assume that the set of fundamental dominant weights of C exp ( u ) 
is fl = W2> w 3) w 4) w 5> w 6> ^7} L 1 {w^}. Applying Lemma 4.1 we get the 
expressions of with to G IIs£/(8) u Hsc/p) by the weights of Eg: 
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ft* {u>{) 


= w 2 


- 3^3 


ft* (oj\) 


= CJ4 




K{uj\) 


= ^5 


" JW3 


ft* {uj\) 


= W 6 


- CJ 3 


K(uj\) 


= W7 


- |w 3 


ft* (u>l) 


= W 8 




ft* (Wy) 


1 

4 


W 3 


ft*(w?) 


= Wl 


- ±w 3 



It follows that the set H u consists of the 3 elements uj\, uj\ © uf, uj\®oj\ in which 
uj\ © u)\ has deficiency 4 in the group SU(8) x SU(2). 

Consequently, ker7r = Z4 with generator exp^o^) x ex P2( w i) by (4.3). 

iv) If u = the local type of the centralizcr C oxp („) is SU(2) x SU(3) x 
5t/(6). Accordingly, assume that the set of fundamental dominant weights of 
C exp („) is SI = {cj\} II {uj\,uj\} U {wf, w 3> w 4' w 5}- Applying Lemma 4.1 we 
get the expressions of ft*(w) with w G 115(7(2) U Hs^) U n SC /( 6 j by the weights 
of£ 8 : 



ft* (wl) 


= w 2 


- ±cj 4 


ft* (wf) 


= Wl 


- 


ft* (0^2) 


= w 3 


— 3W4 


ft*(w?) 


= ^5 


~ f W 4 


ft* 


= w 6 


- |cj 4 


ft* (w 3 ) 


= 




ft*(wt) 


= W 8 




ft*(wf) 


1 

~~ 6 


CJ4 



It follows that the set H u consists of the 5 elements 

oj\®uj\@ uj\ (B 0J3, oj\ (B UJ%, w 2 © w i w i + w 5 

in which uj\ + uJ\ + oj\ has deficiency 6 in the group SU(2) x SU(3) x SU(6). 

Consequently, kerrr = Z 6 with generator exp 1 (w}) x exp 2 (o;f) x exp^Wg). 

v) If u = t?-, the local type of the centralizer C oxp („) is SU(5) x SU(5). 
Accordingly, assume that the set of fundamental dominant weights of C oxp ( u ) 
is fi = {w},^, w\,oj\} II {oj\, uj\,oj\, Applying Lemma 4.1 we get the 

expressions of ft*(w) with cj G fi = rigors) U Hgms) by the weights of Eg: 



ft*(w}) 


= Wi 


- §w B 


ft* (W2) 


= Wg 




ft* (Wg) 


= CJ4 


-f«5 


ft* (u}\) 


= W 2 


-fw 8 


ft* (w?) 


= W 6 


~ 5W5 


ft* 


= CJ7 


-fw B 


ft*(w§) 


= W 8 


-§W6 


ft* (W4) 


_ 1 

5 


W 5 
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It follows that the set H u consists of four elements 
u>\ © w|, oj\ © cj|, © wf and lo\ © w§ 

whose dehciencies in the group SU(9) are all 5. 

Consequently, kerrr = Z 5 with generator exp 1 (w}) x exp 2 (w 2 ) by (4.3). 

vi) If u = the local type of the centralizer C cxp ( u ) is Spin(10) x SJ7(4). 
Accordingly, assume that the set of fundamental dominant weights of C exp ( u ) 
is SI = {u)\,u)\,Lj\,u}\,bj\} II {uj\,uj\,(jj\}. Applying Lemma 4.1 we get the 
expressions of h*(uj) with 10 G Hspintio) ^ ^su(4) by the weights of Eg: 





= Wl 


- \UJQ 




= 0J2 


~ 1^6 




= w 5 


" 1^6 


K(uj\) 


= UJj 


" |w 6 




= w 8 






1 

~~ 4 


W 6 



It follows that the set H u consists of 3 elements uj{ © w|, W4 © w§, w| © in 
which lu\ + loI has deficiency 4 in the group Spin(10) x SU(4). 

Consequently, ker7r = Z4 with generator exp 1 (w4) x exp 2 (a;|) by (4.3). 

vii) If it = the local type of the centralizer C exp ( M ) is E 6 x SU(3). 
Accordingly, assume that the set of fundamental dominant weights of C* xp ^ 
is SI — {u)\,u)\,uj\,lo\,uj\,uj\} II {w^wl}- Applying Lemma 4.1 we get the 
expressions of h*(ui) with uj G fi = IT£ 6 U ngj/te) by the weights of Eg: 





= Ui - §w 7 


K{uj\) 


= we — 5W7 


K(uj\) 


= uj 8 - |w 7 


ft* {to 2) 





It follows that the set Jff u consists of the two elements u>\ + w 2 and uj\ + uj\ 
whose deficiencies in the group Eq x SU(3) are both 3. 

Consequently, ker7r = Z3 with generator exp 1 (w}) x exp 2 (w 2 ) by (4.3). 

viii) If u = the local type of the centralizer C cxp ( u ) is £7 x SU(2). 
Accordingly, assume that the set of fundamental dominant weights of C exp ( u ) 
is SI = {uj\, u)\, uj\, oj\, ui\ 1 ui\, uj\} II {uj\}. Applying Lemma 4.1 we get the 
expressions of /i*(w) with uj G fl = He 7 U Hsu(2) by the weights of Eg: 

ft*(w y ) — L0 7 - |w 8 , h*(L0\) = -7}U) S 

It follows that the set H u consists of a single element oj\ + uj\ whose deficiency 
in the group E7 x 5/7(2) is 2. 

Consequently, ker7r = Z 2 with generator exp x (u; 7 ) x exp 2 (wi).n 

Remark 4.5. Based on concrete constructions of the 1-connected exceptional 
Lie groups, Yokota obtained also the isomorphism types of maximal subgroups 
of maximal rank in the recent book |17j . In comparison, our approach is free of 
the types of the Lie groups. 

In our sequel work [8] certain results of Theorem 4.4 are applied to determine 
the fixed set of the inverse involution G — ¥ G, g — > g^ 1 on an exceptional simple 
Lie group G.O 
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4.3 The isomorphism types of parabolic subgroups 

If u G A is a vector with /3(u) < 1, the centralizer C exp („) is a parabolic subgroup 
of G whose isomorphism type depends only on the subset I u C {1, • • • , n} by 
Theorem 2.8. The corresponding homogenous space G/C exp („) is a smooth 
projective variety, called a flag manifold of G [5J [5J [TU1 [T51 [Tl] . 

In the case where the set I u is a singleton and j3(u) < 1, the vector u is 
an interior point on an edge of the cell A from the origin 0. The homogeneous 
space G I C exp ( u) is also known as a generalized Grassmannian of G 0. 

Theorem 4.3 is ready to apply to determine the isomorphism types of all 
parabolic subgroups of in a given 1-connected Lie group G. This is demon- 
strated in the proof of the next result. 

Theorem 4.6. Let G be an 1-connected exceptional Lie group. For each 
u G A with (3(u) < 1 and with I u — {i} a singleton, the isomorphism type of 
the centralizer C exp ( u ) is given in Table 4 below: 



Iu 



the local type of C oxp ( u ) 



kcr 7r (generator of ker n) 



Z 2 (exp 1 (u\) X exp 2 (-iwi)) 
Z 2 (exp 1 (u){) X exp 2 (-|a; 2 )) 



{1} 
{-'} 



SU(2) x 5 1 
5(7(2) x 5 1 



Z 2 (cxp 1 (u>D x cxp 2 (- 5 o;i)) 
Z 6 (exp 1 (wJ) X exp 2 (o;2) x exp 3 (-|u; 2 )) 
-^(exp^u^) x cxp 2 (u;2) x cxp 3 (-gOj 3 )) 
Z 2 (cxp 1 (up X cxp 2 (-±<^ 4 )) 



{1} Spin{7) x S 1 

{2} SU(2) x 5(7(3) x 5 1 

{3} 5(7(2) x 5(7(3) x 5 1 

{4} 5p(3) x 5 1 



{1} Spm(10) x S 1 

{2} 5(7(6) x 5 1 

{3} 5(7(2) x 5(7(5) x 5 1 

{4} 5(7(2) x 5(7(3) x 5(7(3) x 5 1 

{5} 5(7(2) x 5(7(5) x 5 1 

{6} 5pin(10) x S 1 



Z 4 (exp 1 (cjJ) x exp 2 (-jtJi)) 
Z 2 (exp 1 (^i) X exp 2 (- 5 w 2 )) 
Ziotexp^ojj) X exp 2 (ajf) X exp 3 (-^a; 3 )) 
Z§(exp(u\) X exp 2 (wf) X exp 3 (ajf) X exp 4 (iw 4 )) 
Zio(exp 1 (wj;) x exp 2 (wf) x exp 3 (-f±w 5 )) 
Z 4 (exp 1 (a;i) X exp 2 (-|^ 6 )) 



Z 2 (exp 1 (wJ) X exp 2 (-±a;i)) 
Z 7 (exp 1 (w^) X exp 2 (- Y w 2 )) 
Z 6 (exp 1 (wJ) X cxp 2 (w|) X exp 3 (-|aj 3 )) 
^12(exp 1 (w}) X exp 2 (ajf) X exp 3 (wf) X cxp 3 (-^w 4 )) 
Ki5(exp 1 (a)J) X exp 2 (a;|) X exp 3 (-±§w 5 )) 
Z 4 (exp!(wJ) X exp 2 (w§) X exp 3 (-|a; 6 )) 
^{exp^wl) X cxp 2 (-|^ 7 )) 



{1} Spm(12) x 5 1 

{2} 5(7(7) x 5 1 

{3} 5(7(2) x 5(7(6) x 5 1 

{4} 5(7(2) x SU(3) x 5(7(4) x 5 1 

{5} 5(7(3) x 5(7(5) x 5 1 

{6} 5(7(2) x 5pm(K>) x 5 1 

{7} £ 6 x S 1 



Z 4 (exp 1 (a;^ x cxp 2 (-|^i)) 
Z 8 (exp 1 (wJ) X cxp 2 (- g a; 2 )) 
Zi^cxp^ajJ) X cxp 2 (wf) X exp 3 (-^-w 3 )) 
^(exp^ajl) X exp 2 (ajf) X exp 3 (wf) X cxp 4 (-i±w 4 )) 
^2o(exp 1 (wj;) x exp 2 (a;f) x exp 3 (-^w 5 )) 
Zi 2 (exp 1 (aj^) X exp 2 (ajf) x exp 3 (- l2 w 6 )) 
Z 6 (exp 1 (wJ) X cxp 2 (ujf) X exp 3 (-|aj 7 )) 
^(cxp^t^) X cxp 2 (-±u>$)) 



{1} Spin(U) x S 1 

{2} 5(7(8) x 5 1 

{3} 5(7(2) x 5(7(7) x 5 1 

{4} 5(7(2) x 5(7(3) x 5(7(5) x 5 1 

{5} 5(7(4) x 5(7(5) x 5 1 

{6} 5pin(10) x 5(7(3) x 5 1 

{7} £ 6 x 5(7(2) x 5 1 

{8} £ 7 x S 1 



Table 5. The parabolic subgroup corresponding to a weight in an 1-connected 

exceptional Lie groups 



Proof. Again, the proof will be divided into five cases in accordance to G = G2, 
F4, E e , E 7 and E s . 

Since the isomorphism type of the parabolic subgroup C exp (> u .) with Ui G Tq 
and A G (0, 1) is irrelevant with the parameter A, we can take 
representative for the case I u — {i}. With this convention the radical part of 
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C exp („) is simply the circle subgroup S 1 = {cxp(tuji) G G | t G R} on G by 
Theorem 2.8. As a result we have by Lemma 4.1 that 

MA"™ (Q)) = {fc* \teQ}. 

exp(u) 

Case 1. G = G 2 

For u = ^ (resp. ^) the local type of the centralizer C exp („) is SU(2) x 
S 1 . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part SU(2) is Q = Applying Lemma 4.1 we get the expression 

of h*(uj) with <jj G L T 5 [ /( 2 ) by the simple roots of G 2 : 

K{uj\) = sa.(= icj im odA^) (resp. = sa.(= \u> 2 modA£)), 

and get 

/i*( A c*°<* (Q)) = {Xuj! | A G Q} (resp. = {Xoj 2 \ A G Q}). 

cxp(u) 

It follows that the set H u consists of the single element uj\ whose deficiency in 
the group 577(2) x S 1 is 2. 

Consequently, kcr7r = Z 2 with generator exp 1 (w}) x exp 2 (— (resp. 
ex Pi( w i) x ex P2(-^2))- 

Case 2. G = F 4 

i) If u — ^j-, the local type of the centralizer C exp ( M ) is Spin(7) x S . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimple 
part Spin(7) is ft = {uj\,uj\,uj\}. Applying Lemma 4.1 we get the expressions 
of h*(uj) with uj G Kspin(7) — { w i} by the simple roots of F 4 : 

h. t {iu\) — |a 2 + 2a 3 + a 4 (= 5W1 mod Ag) 

and get 

h*{A e cRad (Q)) = {A Wl I A G Q}. 

exp(u) 

It follows that the set H u consists of the single element io\ whose deficiency in 
the group Spin(7) is 2. 

Consequently, ker7r = Z 2 with generator exp 1 (a;}) x cxp 2 (— 

ii) If u = ^ (resp. ^), the local type of the centralizer C exp ( u ) is SU(2) x 
ST/ (3) x S . Accordingly, assume that the set of fundamental dominant weights 
of the semisimple part SU(2) x SU(3) is O = {cj}}II{cjf , cj 2 }. Applying Lemma 
4.1 we get the expressions of h*(w) with to G H-su(2) ^^-su(3) by the simple roots 
of F 4 : 

h*(u}\) = |ai(= |cj 2 modAg,) 

= |a 3 + ia 4 (= iw 2 modAg,) 
= + §0:4 (= f^modAJj) 

(resp. 
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h. t {uj\) = \on{= \oj 3 mo&A r G ) 

= |ai + ia 2 (= mod A£.) 
= |ai + \a 2 {= §w 3 modA£,)) 

and that 

K{K e cRa d (Q)) = {\uj 2 \ XeQ} (rosp. = {Aw 3 | A e Q}). 

cxp(ti) 

It follows that the set H u consists of 5 elements in which the one oj\ © oj\ has 
deficiency 6 in the group SU(2) x SU(3). 

Consequently, ker7T = Z 6 with generator exp 1 (w}) x exp 2 (wi) x cxp 3 (— §^2) 
by (4.3). 

iii) If u = ^jS the local type of the centralizer C oxp („) is Sp^) x S 1 . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimplc 
part Sp(3) is O = {lo\,lo\,uj\}. Applying Lemma 4.1 we get the expressions of 
/i*(w) with w e 11^(3) = {w 3 } by the simple roots of F 4 : 

h*(ui 3 ) = i«i + a 2 + §Q!3(= mod Aq) 

and that 

/i*(Ac««« (Q)) = {A^4 I A e Q}. 

cxp(u) 

It follows that the set H u consists of a single element uj\ whose deficiency in the 
group Sp{3) is 2. 

Consequently, ker7r = Z 2 with generator exp 1 (wg) x exp 2 (— 

Case 3. G = E 6 

i) If u = ^ (resp. the local type of the centralizer Cexpf^) is Spin(10) x 
6" . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part Spin(10) is {co\, 0^2,^3,^4, Applying Lemma 4.1 we get 
the expressions of h*(uj) with oj e N-Spin(w) — { w i7 w 4) w s} by the simple roots 
of£ 6 : 

h*(ujl) —^a 2 + ^a 3 +a4+a 5 +a e (=^0Ji mod A T G ) 
ft*(w 4 ) ^ja 2 + ja 3 +^a 4: +a 5 + ^a 6 (=juj 1 mod A£) 
M w s) = ja 2 + la 3 +^a A +a 5 + ^a 6 (=luj 1 mod A^) 

(resp. 

h*(cu{) = a 1 + ^a 2 +a 3 +a 4 +^a 5 (=^uj 6 modA G ) 
K(uj\) =\a 1 +\a2+a 3 +^a i +\a 5 (=\uQmodh r G ) 
= ^a 1 + ^a 2 +a 3 +^a 4 +^a 5 (=^uj 6 mod A r G )) 

and get 

h*(A cRad (Q)) = {AcjJ XeQ} (resp. {\uj 6 \ A e Q}) 

cxp(u) 
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It follows that the set H u consists of three elements w},wj, w\ whose deficiencies 
in the group Spin(10) arc 2,4,4, respectively. 

Therefore, ker7r = Z 4 with generator exp 1 (w5)xexp 2 (— juji ) (resp. exp-^w^x 
exp 2 (-|w 6 )) by (4.3). 

ii) If u = ^f-, the local type of the centralizer C oxp ( u ) is SU(6) x S 1 . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimple 
part SU(6) is f2 = {w^w^w^w^w^}. Applying Lemma 4.1 we get the expres- 
sions of h*(uj) with oj £ Hsu(6) by the simple roots of Eq: 

h*{u\) =^ai+la 3 +la 4 +la 5 +lae{= tdj-^modAy 
h*(cul) =^ai+^a 3 +a4+^a 5 +^a 6 (= uj 3 mod A£,) 
h*(u>l) ^^a 1 +a 3 + ^a 4 +a 5 +^a 6 (=^uj2 mod A£,) 
h*(cu\) =5ai+|a3+a4+|a 5 +|a 6 (= w 5 mod A£) 

and get 

K{A e Rad (Q)) = {Xlu 2 I A e Q}. 

™p(«) 

It follows that the set H u consists of a single elements uj\ whose deficiency in 
the group SU(6) is 2. 

Therefore, ker7r = Z 2 with generator exp 1 (cj|) x cxp 2 (— iw 2 ). 

iii) If u = ^j- (resp. ^), the local type of the centralizer C exp ( u ) is SU(2) x 
SU(5) x S . Accordingly, assume that the set of fundamental dominant weights 
of the semisimple part SU(2) x SU(5) is fl = {lu{} II {wf , w|, w§, w 4 }. Applying 
Lemma 4.1 we get the expressions of h*{w) with w e n sc/ ( 2 ) U 145(7(5) by the 
simple roots of E & : 

/i*(w 1 ) =iai(=|[j3 mod Ag) 
h^Lol) =|a 2 + |o; 4 + |a 5 + |Q; 6 (=^W3 mod Ag) 
h*(u> 2 ) =§a 2 +§ a 4 +f «5+§ a 6 (=§W3 mod A£,) 
/i*(wg) =|a 2 +|o;4+|a5+|a6(=|w3modA^) 
ft*(w 4 ) =|a2 + fa4+fa5+|a6(=|w3niod A^,) 

(resp. 

h*(cu\) = ±a 6 (=§cj 5 modA£,) 

=|Q!i + -|a2+fa3+fa4(=|w5mod A£) 
/i»(w 2 ) =|ai + |o;2+fa3+|a4(=|w5mod A£) 
ft»(w?) =|ai+|a2+|a3+|a4(=|w 5 modA^) 
K{w\) = ±ai + f aa+fag+fc^^s mod A£)) 

and get 

h*{A e cRad (Q)) = {XloJ \£Q} (resp. = {\u r \ A £ Q}). 

cxp(u) 
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It follows that the set H u contains 9 elements in which the one oo\ © oj\ has 
deficiency 10 in the group SU(2) x SU(5). 

Consequently, ker7r = Z w with generator exp(co\) xexp 2 (wj) xexp 3 (— ^w 3 ) 
(resp. ex Pl (cj}) x exp 2 (w?) x exp 3 (-f±w 5 )) by (4.3). 

iv) If u = the local type of the centralizcr C oxp ( M ) is SU(2) x SU(3) x 
SU(3) x S 1 . Accordingly, assume that the set of fundamental dominant weights 
of the semisimplc part 577(2) x SU(3) x SU(3) is = {lo\}U{luI , w|}n{w?,wf}. 
Applying Lemma 4.1, we get the expressions of h*(w) with uj G U su ^ 2 ) u ^su(3) L- 1 
IIst/(3) by simple roots of i?6: 



/l*(Wi) = 


\a 2 {= 


t;UJ4 mod A£ 





K{uj\) = 


|ai + 


|a 3 (= wi - 


mod Aq) 


/i*( w i) = 


\a x + 


fa 3 (= cj 3 - 


|w4 mod Ag) 


h*(u>l) = 


fas + 


ia 6 (= cj 5 - 


|w4 mod Aq) 


h*(u>2) = 




f a 6 (= uJe - 


mod Ag.) 



and get 

K{A e Rad (Q)) = {Aw 4 I A e Q}. 

exp(u) 

It follows that the set if„ consists of the 5 elements 

u\, uj\ u>l ®ujI,uj\ ®ujj uj\ ®oj\ ® 

whose deficiencies in the group SU(2) x SU(3) x SU(3) are 2,3,3,6,6, respec- 
tively. 

Consequently, ker7r = Z 6 with generator exp(wj) x exp 2 (wj) x exp 3 (cj 2 ) x 
exp 4 (±w 4 ) by (4.3). 

Case 4. G = E 7 

i) If u — the local type of the centralizer C exp ( u ) is Spin(12)xS 1 . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimplc 
part Spin{\2) is O = {w\,W2,oj\,w\,w\,lo\} . Applying Lemma 4.1 we get the 
expressions of /i*(w) with co G TIspin(i2) = Wi^h^l) by the simple roots of 
E 7 : 

h*(u>\) =\a2+\a^+ai+a 5 +a%+a 7 {= w 7 -|wi mod A£,) 
h*(u)\) = a 2 + ^a 3 +2a 4 +^a 5 +a 6 +^a 7 (=^uj 1 mod A r G ) 
K(uj\) =^a2+a3+2a4+^a 5 +a 6 +^a 7 (= uj 2 mod Aq) 
and get 

h*{A e Rad (Q)) = {Awi I A G Q}. 

™p(«) 

It follows that the set H u consists of the single element uj\ whose deficiency in 
the group Spin(12) is 2. 

Consequently, ker7r = Z 2 generated by exp-^wij) x cxp 2 (— 

ii) If u = the local type of the centralizer C oxp ( u ) is SU(7) x 5 1 . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimplc 
part SU(7) is il = {uj\,lj\,lo\,w\,uj\,lJq\. Applying Lemma 4.1 we get the 
expressions of h*(ui) with to G Hsu(7) by the simple roots of E 7 : 
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=f ai+f a 3 +|a 4 +f « 5 +f a 6 +^a 7 (=f w 2 mod A r G ) 
=f ai+^Q!3+fQ!4+f a 5 +|a 6 +|a 7 (=fw2 mod A G ) 
ft*(w 3 ) =|ai + |a 3 +^a4+|a 5 +|a 6 +|Q;7(=|a;2 mod A G ) 
/i*^) =fai + fo;3+fa4+ j 7a5 + fa6+fa7(=^W2modA^,) 
ft*(wg) =f ai+f a 3 +f a 4 +f a 5 +^a 6 +f a 7 (=|w 2 mod A G ) 
h*(u>l) = ±ai + |a 3 +f a4+|a 5 +|a 6 +fa 7 (=|w2rnod A G ) 
and get 

/i*(Ac^ (Q)) = {Aw 2 | AeQ}. 

cxp(ti) 

It follows that the set consists of 6 elements whose deficiencies in the group 
SU(7) arc all 7. 

Consequently, ker7r = Z 7 with generator exp 1 (w 3 ) x exp 2 (— |w 2 ) by (4.3). 

iii) If u — the local type of the centralizer C oxp ( u ) is SU(2) x SU(6) x 
S 1 . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part SU(2) x SU(6) is O = {u>\} II {tof , w 2 , w 3 , uj\, Applying 
Lemma 4.1 we get the expressions of with cj e n S [/( 2 ) U IL5[/( 6 ) by the 
simple roots of E 7 : 

h^{ui\) =^a\(=^u!s mod A G ) 

H^uj-i) =|a 2 +|a4+f a 5 +^a e +^a 7 (= lj 2 -^lj 3 mod Aq) 
h*(uJ 2 ) =|a 2 +|a4+o;5+|a 6 +iQ!7(=|cj3 mod Aq) 
h*(oJ 3 ) ~^a 2 +a 4: +^a 5 +a 6 +^a 7 (= to 5 mod A G ) 
/i*(w 4 ) =|a 2 + |Q;4+Q;5+|a 6 +|a7(=iw3 mod A G ) 
ft*(Wg) =ia 2 + ia4+|a5+fa6+|a7(= ^7-5^3 mod A r G ) 

and 

/i*(A^ ad (Q)) = {Aw 3 I A e Q}. 

cxp(w) 

It follows that the set H u consists of 5 elements, in which the deficiency of 
oo\ © uj\ in the group SU(2) x SU(6) is 6. 

Consequently, ker7r = Z 6 with generator exp 1 (w}) x exp 2 (w4) x cxp 3 (— |w 3 ). 

iv) If u = the local type of the centralizer C cxp („) is SU(2) x 5t/(3) x 
5t/(4) x 5 1 . Accordingly, assume that the set of fundamental dominant weights 
of the semisimple part SU{2) x 517(3) x 517(4) is Q = {uj\} II II 
{wf, w 2 , w 3 }. Applying Lemma 4.1 we get the expressions of ft.*(w) with u> G 
Hs^) U n s[ /(3) U n 5 ,7(4) by the simple roots of E 7 : 

/i»(wj) =ia 2 (= w 2 -icj 4 mod A^) 

/i„(t^) =|ai + io! 3 (=|w4 mod A G ) 

h*(u> 2 ) —^ai + ^a 3 (=^oj4 mod A G ) 

h*^) =|a 5 +|a 6 +2a; 7 (= w 5 -|w 4 mod A G ) 

h*(u> 2 ) =^a5+ae+^a 7 (=^oj4 mod A G ) 

h*(u> 3 ) =\a 5 +±a 6 +j a 7 (= lo 7 -\u a mod A g ) 
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and get 

K{A e Rai (Q)) = {\uj 4 | A e Q}. 

cxp(u) 

It follows that the set H u consists of 11 elements in which the one u>\ ®oj\ ©wf 
has deficiency 12 in the group SU{2) x SU(3) x SU(4). 

Consequently, ker7r = Z12 with generators exp-^w}) x exp 2 (w^) x exp 3 (u;f) x 
exp 3 (-^w 4 ) by (4.3). 

v) If u = the local type of the centralizer C cxp ( u ) is SU(3) x SU(5) x 
6" . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part SU(3) x SU(5) is f2 = {cj},^} II {oj\, uj\, w|, W4}. Applying 
Lemma 4.1 we get the expressions of h*(uj) with w G Ilg^) U IIs[/( 5 ) by the 
simple roots of E-j: 

=\ot & +ja 7 (=jbj b mod A r G ) 

=|ai + ia2+fa3+|a4(=|w5mod A^) 
/i,( w 2) =|a;i+|a2+|a3+|Q!4(=|w5modA^) 

=|ai+|a2+|a3+|a 4 (=|w5modA^) 
K{oj\) =|ai + |a2+|a3+|a4(=tw5mod A^,) 

and get 

K(A e Rad (Q)) = {Aw 5 I A G Q}. 

cxp(u) 

It follows that the set H u consists of 14 elements, in which the deficiency of 
uj\ + u\ in the group SU{3) x SU(5) is 15. 

Consequently, ker7r = Z15 with generator exp-^wJ;) xexp 2 (w|) xexp 3 (— -jfws) 
by (4.3) 

vi) If u = the local type of the centralizer C cxp ( M ) is SU(2) x S'pm(lO) x 
S 1 . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part SU{2) x Spin(10) is O = {uj{} II {uj\, w\, w\, oj\, Applying 
Lemma 4.1 we get the expressions of h*(oj) with u G Hsu(2) L- 1 ^-Spin(w) by the 
simple roots of E 7 : 

h^{ui\) =^a-j{= gj 7 — icj6 mod Aq) 
/i*(w 1 ) = a 1 + io;2+a3+a4+2- a 5(= 2 1 ^6 mod AJj) 
h*(u> 4 ) =^ai+ja2+a 3 +^a4+ja 5 (= w 2 -|w 6 mod A£,) 
K(u> 5 ) =±ai + ja 2 +a 3 +^a 4 +ja 5 (= w 5 -|u; 6 modAg) 

and get 

K(A e Rad (Q)) = {Aw 6 I A G Q}. 

cxp(u) 

It follows that the set consists of the three elements 
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in which the one oj\ © lo\ has deficiency 4 in the group SU(2) x Spin(10). 

Consequently, ker7r = Z4 with generator exp 1 (w}) ® exp 2 (w5) x exp 3 (— 
by (4.3). 

vii) If u = ^ , the local type of the centralizer C exp („) is i?6 x S 1 . Accordingly, 
assume that the set of fundamental dominant weights of the semisimple part 
Eq is f2 = {uj\,lj1 7 ujI,ujI,uj1 7 ujI}. Applying Lemma 4.1 we get the expressions 
of h*{sjj) with <jj e Il^g = {cj},u;g} by the simple roots of E 7 : 

h*(cu\) =5(4a 1 +3a2+5a3+6a4+4a5+2a6)(=|w7 mod A^) 
K{u>\) ^\{2a 1 +2,a 2 +Aa 3 +Qa i +ha 5 +Aa fi )(='^ui 7 mod A^) 

and 

K{K e cRad (Q)) = {Xlu 7 I A e Q}. 

cxp(u) 

It follows that the set £f u consists of the two elements u>\ and u>\ whose defi- 
ciencies in the group E 6 are both 3. 

Consequently ker7r = Z 3 with generator exp 1 (wj) x exp 2 (— §^7) by (4.3). 

Case 5. G = E 8 

i) If u — the local type of the centralizer C exp („) is Spin(lA) x 5 1 . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimple 
part Spin{lA) is — {uj{, w\, w 3 , oj\, uj\, Wg, uj 7 }. Applying Lemma 4.1 we get 
the expressions of h*(uj) with w G Hs P in(i4,) = {lo{ 7 Wg, cu 7 } by the simple roots 
of£ 8 : 

= ±a 2 + ^a 3 +a4+a 5 +a 6 +a 7 +a$(=±uj 1 mod A£,) 
M^) =|a2 + |a3+|a4+2a5 + |a 6 +a7+5a8(=iwi mod A^) 
/i*(w 7 ) — ja 2 + j a 3 +^a4+2a 5 + ^a 6 +a 7 +±a 8 (=jUJ 1 mod A£,) 
and that 

K{A e cRad (Q)) = {Awi I AeQ}. 

cxp(u) 

It follows that the set H u consists of three elements in which the deficiency of 
the element oj\ in the group Spin(lA) is 4. 

Consequently, kcr7r = Z4 with generator exp 1 (wg) x exp 2 (— \oj\) by (4.3). 

ii) If u = the local type of the centralizer C oxp ( u ) is SU(8) x S 1 . Accord- 
ingly, assume that the set of fundamental dominant weights of the semisimple 
part SU(8) is O = {uj\, w\, uj\ 1 ui\, uj\ 1 Wg, uj 7 }. Applying Lemma 4.1 we get the 
expressions of /i*(w) with to 6 IT5;y( 8 ) by the simple roots of E 8 : 

/i»(wj) = ^ai+ja 3 +^a4+^a 5 +^a 6 +ja 7 +^a 8 (=^u> 2 mod K r G ) 
h*(u> 2 ) =\a 1 +^a 3 +\a4+a 5 +\a & +\a 7 +\a & {=\ijj 2 mod A^) 
h*(u> 3 ) =|ai+|a3-|-^Q!4-|-|a5-|-|a6+|Q!7+|Q!8(=|w2 mod A£,) 
h*(u> 4 ) =^ai+a 3 + ja4 L +2a^ > +^aQ+a 7 +^a 8 {=\oj2 mod Ag) 
h*(ujl) —^ai + ja 3 +^a4+^a 5 +^-a 6 +ja 7 +^a s (=l^2 mod A£,) 

=\ax+\a 3 +\a4,+a 5 +\a & +^a 7 +\ as(=\co 2 mod A^) 
h*(u> 7 ) =|ai + io;3+|Q!4+ia5H-|a 6 +|Q:7+|a8(=|w 2 mod A£,) 



31 



and get 

h*{A e cRad (Q)) = {Aw 2 | A e Q}. 

exp(u) 

It follows that the set H u consists of 7 elements, in which the deficiency of lj{ 
in the group SU (8) is 8. 

Consequently, ker7r = Z 8 with generator exp 1 (w}) x exp 2 (— |u; 2 ) by (4.3). 

iii) If u = the local type of the centralizer C oxp ( u ) is SU(2) x SU(7) x 
5 1 . Accordingly assume that the set of fundamental dominant weights of the 
semisimple part 5/7(2) x 577(7) is ft = {uj\}U{ujI , cj|, W5, Applying 
Lemma 4.1 we get the expressions of h*{un) with to e H-su(2) LI Hsu(7) by the 
simple roots of E$ : 

h^{ui\) =\a\{=\uj 3 mod A r G ) 

/i*(w 1 ) = ja 2 + ja4+ja 5 +ja e +^a7+jas(=j oj 3 mod A^) 
h*(u> 2 ) = ja2+^f-a4+ja 5 +ja 6 +ja 7 +ja 8 (=jLu 3 mod A G ) 
h*(co 3 ) = f a 2 +f a4+y-a 5 +ja 6 +ja 7 +^a s (=juj 3 mod Aq) 
/i*(w 4 ) =|a 2 +|a 4 +|o!5+-^Q; 6 +|Q!7+|Q; 8 (=ia;3 mod Ag) 
ft*(Wg) = f a 2 + f a 4 +f a 5 +| a 6 +^a<7+f a s (=^LU 3 mod A^) 
h*((J 6 ) =ja2 + ja 4 +^a 5 +ja 6 +^a 7 +jas(=j0j 3 mod A r G ) 

and 

h,{A e Rad (Q)) = {Aw 3 I A e Q}. 

cxp(«) 

It follows that the set i7 u consists of 13 elements, in which the deficiency of 
uj\ © cj^ in the group 5/7(2) x 5/7(7) is 14. 

Consequently, ker7r = Z i4 with generator exp 1 (w})xexp 2 (a;i)xexp3(— ]juj 3 ) 
by (4.3). 

iv) If u = y|, the local type of the centralizer C cxp („) is 5/7(2) x 5/7(3) x 
5/7(5) x 5 1 . Accordingly, assume that the set of fundamental dominant weights 
of the semisimple part 5/7(2) x 5/7(3) x 5/7(5) is ft = {cj}} II II 
{wf ,w 2 , w^wij}. Applying Lemma 4.1 we get the expressions of /i*(u;) with 
w € n s[ /( 2) U n s;7 (3) U n st ,( 5 ) by the simple roots of _B 8 : 

/i*(wj) =\a 2 (=\uJ4: mod A£) 

=|ai+|a3(=|a;4 mod A£,) 
/i*(w 2 ) =^ai + |a 3 (=iw4 mod A^) 

=|a5 + |a 6 +|a7+|a8(=^4niod A£) 

=|a5 + |a6+|a7+fa8(=|w4mod A£) 

=|a 5 +|a6+|a 7 +|a 8 (=|w4modA^) 
h*(wl) =-|a 5 + |a 6 +|Q!7+|a 8 (=|w4niod A^,) 

and get 
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h*(A e cRad (Q)) = {\lu a I A e Q}. 

GXp(li) 

It follows that the set i7 M consists of 29 elements, in which the deficiency of 
lu\ © col © cj? in the group St/(2) x S?7(3) x SU(5) is 30. 

Consequently, ker7r = Z 30 with generator exp 1 (w}) x exp 2 (w^) x exp 3 (o;f) x 
CX P4(-M W 4) by (4.3). 

v) If u — j^, the local type of the centralizer C exp ( u ) is SU(5) x SU(4) x 
S 1 . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part SU(5) x 5C/(4) is = {uj\,w\,w\, lo\\J1{ijo\, w^^i}- Applying 
Lemma 4.1 we get the expressions of /i*(cj) with w e ns[/( 5 ) U IIs[/(4) by the 
simple roots of _E 8 : 

=|ai + -ia2+fa3+|a4(=|a;5mod A^) 

=|ai + |a2+fa3+|a4(=|w 5 mod AJj) 
/i*(Wg) =|ai + |a2+|a3+|a4(=fw 5 mod AJj) 
ft*(w 4 ) =iai + |a2+|a3+fa4(=§W5mod A^,) 

=fa 6 +ia 7 +iQ! 8 (=iu;5modAJ 3 ) 
h*(u\) =\a & +a 7 +\as{=\u: 5 mod A' G ) 
^♦(wg) =ia 6 +5a 7 +fa 8 (=|w 5 modA^) 

and get 

/>*(Ac«°« (Q)) = {^5 | A e Q}. 

exp(u) 

It follows that the set H u consists of 19 elements in which the deficiency of 
uj\ © u\ in the group 517(5) x SU(4) is 20. 

Consequently, ker7r = Z 2 o with generator exp 1 (w})xexp 2 (wf)xexp3(— ^w 5 ) 
by (4.3). 

vi) If u = the local type of the centralizer C cxp ( M ) is Spin(W) x SU(3) x 
S . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part Spin(10) x SU(3) is fi = {uj\, oj\, uj\, co\, ojI) II {ajf,^}. Ap- 
plying Lemma 4.1 we get the expressions of h*(uj) with w G N-Spin(w) u ^-su(3) 
by the simple roots of Eg: 

h*(uj{) = a 1 + ±a 2 +a 3 +a 4 +±a 5 (=±LL! 6 mod A r G ) 
h*(w\) =^ai+ja2+a3+^a4+ja 5 (=jLJ 6 mod A r G ) 
K(uj 5 ) =\a l +\a2+as+\a 4 ,+\ar > {=\uj & mod A^) 
/i*(w 1 ) =|a 7 +ia 8 (=iw 6 mod A£,) 
/i*(w 2 ) =ia 7 +|o; 8 (=|w 6 mod A£,) 

and get 

K(A e cRad (Q)) = {Aw 6 | A e Q}. 

cxp(«) 
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It follows that the set H u consists of 11 elements in which the deficiency of 
lo\ © u\ in the group Spin(10) x SU(3) is 12. 

Consequently, ker7r = Z i2 with generator exp 1 (w4)xexp 2 (wf)xexp 3 (— ^W6) 
by (4.3). 

vii) If u = the local type of the centralizcr C cxp ( u ) is Eq x SU{2) x 
5 1 . Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part Eq x SU(2) is fl — {u>\, w\, ui\, uj\, Wg} II Applying 
Lemma 4.1 we get the expressions of h*(u)) with to 6 II^ 6 UHs;y( 2 ) by the simple 
roots of E&: 

~^a 1 +a 2 + ^a 3 +2a4+^a 5 +^a 6 (=^uj 7 mod A^) 
/i*(wg) =|ai+a2+|o:3+2a4+|a5+|a6(=|w7 mod A£,) 
=|a 8 (=|w7modAg) 

and get 

MA"™ (Q)) = {AW7 | A e Q}. 

cxp(«) 

It follows that the set consists of 5 elements, in which the deficiency of 
uj\ © <J\ in the group E e x SU(2) is 6. 

Consequently, kerrr = Z 6 with generator exp 1 (w}) x exp 2 (w^) x exp 3 (— §^7) 
by (4.3). 

viii) If u = ^j- , the local type of the centralizer C exp („) is S7 x S 1 by Theorem 
2.8. Accordingly, assume that the set of fundamental dominant weights of the 
semisimple part E-j is f2 = {w^w^ w^Wjj, Wg,wij-}. Applying Lemma 4.1 we 
get the expressions of h*(uj) with u> € He 7 — by the simple roots of E$: 

K(u> 7 ) = a 1 + ^a 2 +2a 3 +3a4+^a 5 +2a 6 +T;a 7 (=±Lu s modAg) 
and get 

K(A e Rad (Q)) = {\lu 8 I A e Q}. 

cxp(«) 

It follows that the set consists of the single element whose deficiency in 
the group E-j is 2. 

Consequently, ker7r = Z 2 with generator exp^u;^) x exp 2 (— 
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